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We study mixed Jacobi-like forms of several variables associated to equivariant maps of
the Poincar´ e upper half-plane in connection with usual Jacobi-like forms, Hilbert mod-
ular forms, and mixed automorphic forms. We also construct a lifting of a mixed auto-
morphic form to such a mixed Jacobi-like form.
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1.Introduction
Jacobi-like forms of one variable are formal power series with holomorphic coeﬃcients
satisfying a certain transformation formula with respect to the action of a discrete sub-
group Γ of SL(2,R), and they are related to modular forms for Γ, which of course play
a major role in number theory. Indeed, by using this transformation formula, it can be
shown that that there is a one-to-one correspondence between Jacobi-like forms whose
coeﬃcients are holomorphic functions on the Poincar´ eu p p e rh a l f - p l a n ea n dc e r t a i ns e -
quencesofmodularformsofvariousweights(cf.[1,12]).Moreprecisely,eachcoeﬃcient
of such a Jacobi-like form can be expressed in terms of derivatives of a ﬁnite number of
modular forms in the corresponding sequence. Jacobi-like forms are also closely linked
to pseudodiﬀerential operators, which are formal Laurent series for the formal inverse
∂−1 of the diﬀerentiation operator ∂ with respect to the given variable (see, e.g., [1]). In
addition to their natural connections with number theory and pseudodiﬀerential oper-
ators, Jacobi-like forms have also been found to be related to conformal ﬁeld theory in
mathematical physics in recent years (see [2, 10]).
The generalization of Jacobi-like forms to the case of several variables was studied in
[8] in connection with Hilbert modular forms, which are essentially modular forms of
several variables. As it is expected, Jacobi-like forms of several variables correspond to
sequences of Hilbert modular forms. Another type of generalization can be provided by
considering mixed Jacobi-like forms of one variable for a discrete subgroup Γ ⊂ SL(2,R),
which are associated to a holomorphic map of the Poincar´ e upper half-plane that is equi-
variant with respect to a homomorphism of Γ into SL(2,R)( c f .[ 7, 9]). Mixed Jacobi-like
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forms are related to mixed automorphic forms, and examples of mixed automorphic
forms include holomorphic forms of the highest degree on the ﬁber product of elliptic
surfaces (see [6]).
In this paper, we study mixed Jacobi-like forms of several variables associated to equi-
variantmapsofthePoincar´ eupperhalf-planeinconnectionwithusualJacobi-likeforms,
Hilbert modular forms, and mixed automorphic forms. We also construct a lifting of a
mixed automorphic form to such a mixed Jacobi-like form.
2. Jacobi-likeforms
In this section, we review Jacobi-like forms of several variables and describe some of
their properties. We also describe Hilbert modular forms, which are closely linked to
such Jacobi-like forms.
Throughout this paper, we ﬁx a positive integer n.L e t( z1,...,zn) be the standard co-
ordinate system for Cn, and denote the associated partial diﬀerentiation operators by
∂1 =
∂
∂z1
,...,∂n =
∂
∂zn
. (2.1)
We will often use the multi-index notation. Thus, given α = (α1,...,αn) ∈ Zn and u =
(u1,...,un) ∈ Cn,w eh a v e
∂α =∂
α1
1 ...∂αn
n , uα = u
α1
1 ...uαn
n , (2.2)
and for β = (β1,...,βn) ∈ Zn,w ew r i t eα ≤ β if αi ≤ βi for each i = 1,...,n.F u r t h e r m o r e ,
we also write c = (c,...,c) ∈ Zn if c ∈ Z, and denote by Z+ the set of nonnegative integers.
Given α ∈ Zn and β ∈ Zn
+,w ew r i t eβ! = β1!...βn!a n d
 
α
β
 
=
 
α1
β1
 
···
 
αn
βn
 
, (2.3)
where for 1 ≤ i ≤n,w eh a v e
 
αi
0
 
=1a n d
 
αi
βi
 
=
αi(αi −1)···(αi −βi+1)
βi!
(2.4)
for βi >0.
Let  ⊂ C be the Poincar´ e upper half-plane. Then the usual action of SL(2,R)o n
by linear fractional transformations induces an action of SL(2,R)n on the product n of
n copies of . Thus, if γ ∈SL(2,R)n and z = (z1,...,zn) ∈ n with
γ =
 
γ1,...,γn
 
, γi =
 
ai bi
ci di
 
∈SL(2,R)( 1 ≤i ≤ n), (2.5)
then we have
γz =
 
γ1z1,...,γnzn
 
=
 
a1z1+b1
c1z1+d1
,...,
anzn+bn
cnzn+dn
 
∈n. (2.6)Min Ho Lee 3
For such γ and z,w es e t
J(γ,z) =
 
j
 
γ1,z1
 
,..., j
 
γn,zn
  
∈ Cn, j
 
γi,zi
 
= cizi+di (2.7)
for 1 ≤i ≤n. We denote by   J(γ,z) the diagonal matrix with diagonal entries j(γi,zi)w i t h
1 ≤i ≤n, that is,
  J(γ,z) =diag
 
j
 
γ1,z1
 
,..., j
 
γn,zn
  
. (2.8)
Then the map (γ,z)  →   J(γ,z) satisﬁes the cocycle condition
  J(γγ
 ,z) =   J(γ,γ
 z)  J(γ
 ,z) (2.9)
for all γ,γ  ∈ SL(2,R)n and z ∈ n. Given an element η =
 
η1,...,ηn) ∈ Zn and a map
f :n → C,w es e t
 
f |ηγ
 
(z) =J(γ,z)
−η f (γz) (2.10)
for all z ∈n and γ ∈SL(2,R)n.L e tΓ be a discrete subgroup of SL(2,R)n.
Deﬁnition 2.1. Given η = (η1,...,ηn) ∈ Zn
+,aHilbert modular form of weight η for Γ is a
holomorphic function f :n → C such that
f |ηγ = f (2.11)
for all γ ∈ Γ,w h e r ef |ηγ is as in (2.10). Denote by η(Γ) the space of all Hilbert modular
forms of weight η for Γ.
Remark 2.2. The usual deﬁnition of Hilbert modular forms also includes the regularity
condition at the cusps, which is satisﬁed automatically for n>1a c c o r d i n gt oK o e c h e r ’ s
principle (cf. [3, 4]).
WedenotebyRtheringofholomorphicfunctions f(z1,...,zn)onn andbyR[[X]] =
R[[X1,...,Xn]] the set of all formal power series in X1,...,Xn with coeﬃcients in R.T h u s ,
using the multi-index notation, an element of R[[X]] can be written in the form
Φ(z,X) =
 
α≥0
fα(z)Xα (2.12)
with z = (z1,...,zn) ∈n and Xα = X
α1
1 ...X
αn
n for α = (α1,...,αn) ∈ Zn
+.
Let C× = C −{0} be the set of nonzero complex numbers. Given λ = (λ1,...,λn) ∈
(C×)n, we denote by   λ =diag(λ1,...,λn) the associated n×n diagonal matrix, and set
C
×X =
 
X  λ |λ ∈
 
C
× n 
=
  
λ1X1,...,λnXn
 
| λ1,...,λn ∈ C
× 
, (2.13)
where X = (X1,...,Xn)i sr e g a r d e da sar o wv e c t o r .U s i n g( 2.9), we see that SL(2,R)n acts
on n ×C×X by
γ·(z,X  λ) =
 
γz,X   J(γ,z)
−2  λ
 
(2.14)4 Mixed Jacobi-like forms
for all z ∈n, λ ∈ (C×)n,a n dγ ∈SL(2,R)n,w h e r e  J(γ,z)i sa si n( 2.8)s ot h a t
X   J(γ,z)
−2  λ =
 
j
 
γ1,z1
 −2λ1X1,..., j
 
γn,zn
 −2λnXn
 
. (2.15)
We now set
Kξ,η
 
γ,
 
z,X  λ
  
=J(γ,z)ξexp
  n  
i=1
ciηij
 
γi,zi
 −1λiXi
 
(2.16)
for z ∈n, γ as in (2.5), and λ ∈(C×)n. Then it can be shown that
Kξ,η
 
γγ
 ,(z,X  λ)
 
= Kξ,η
 
γ,γ
  ·(z,X  λ)
 
Kξ,η
 
γ
 ,(z,X  λ)
 
(2.17)
for all γ,γ  ∈SL(2,R)n,w h e r eγ  ·(z,X  λ)i sa si n( 2.14).
Deﬁnition 2.3. Given ξ,η ∈ Zn,aJacobi-like form for Γ of n variables of weight ξ,a n di n d e x
η is an element,
Φ(z,X) = Φ
 
z,X1,...,Xn
 
(2.18)
of R[[X]] satisfying
Φ
 
γz,X   J(γ,z)
−2 
= Kξ,η
 
γ,(z,X)
 
Φ(z,X) (2.19)
forallγ ∈Γandz ∈n.Denotebyξ,η(Γ)thespaceofallJacobi-likeformsofnvariables
for Γ of weight ξ and index η.
Remark 2.4. Jacobi-like forms of several variables in ξ,η(Γ)w i t hξ = 0 and η = 1 were
considered in [8], while Jacobi-like forms of one variable with index 0 were studied in
[12].
Proposition 2.5. Given ε ∈ Zn
+, consider a formal power series
Φ(z,X) =
 
α≥ε
φα(z)Xα ∈R
 
[X]
 
. (2.20)
Then the following conditions are equivalent.
(i) The power series Φ(z,X) is a Jacobi-like form belonging to ξ,η(Γ).
(ii) The coeﬃcient functions φα : → C satisfy
 
φα|2α+ξγ
 
(z) =
α−ε  
δ=0
1
δ!
cδηδ
J(γ,z)δ φα−δ(z) (2.21)
for all z ∈n and α ≥ ε,w h e r eγ ∈Γ is as in (2.5)w i t hc = (c1,...,cn).
(iii) There exist modular forms fν ∈2ν+ξ(Γ) for ν ≥ε such that
φα(z) =
α−ε  
β=0
ηβ
β!(2α+ξ −β−ε)!
∂β fα−β(z) (2.22)
for all α ≥ ε.Min Ho Lee 5
Proof. The proposition can be proved by slightly modifying the proofs of [8, Lemma 4.2
and Theorem 4.4]. 
If Φ(z,X) =
 
α≥εφα(z)Xα ∈ξ,η(Γ), then (2.21) implies that
φε|2ε+ξγ = φε (2.23)
for all γ ∈ Γ; hence the initial coeﬃcient φε(z) of the formal power series Φ(z,X)i sa
Hilbert modular form of weight 2ε+ξ for Γ.W es e t
ξ,η(Γ)ε = Xεξ,η(Γ), (2.24)
which is a subspace of ξ,η(Γ) consisting of the elements of the form
 
α≥εφα(z)Xα.
Then we see that there is a linear map
F:ξ,η(Γ)ε −→ 2ε+ξ(Γ) (2.25)
sending an element of ξ,η(Γ)ε to its coeﬃcient of Xε.
3. Mixed Jacobi-likeforms
Inthissection,wediscussJacobi-likeformsofseveralvariablesassociatedtoholomorphic
maps of the Poincar´ e upper half-plane  that are equivariant with respect to a discrete
subgroup of SL(2,R). Such Jacobi-like forms are related to mixed automorphic forms.
Let Γ be a discrete subgroup of SL(2,R), and for each k ∈{ 1,...,n},l e tωk :  → 
and χk : Γ → SL(2,R) be a holomorphic map and a group homomorphism, respectively,
satisfying
ωk(γζ) = χk(γ)ωk(ζ) (3.1)
for all ζ ∈  and γ ∈ Γ.B ys e t t i n g
ω =
 
ω1,...,ωn
 
, χ =
 
χ1,...,χn
 
, (3.2)
weobtainaholomorphicmapω : → Cn andahomomorphismχ :Γ → SL(2,R)n.Giv en
η = (η1,...,ηn) ∈ Zn, we deﬁne the map Jω,χ :SL(2,R)× → Cn by
Jω,χ(γ,ζ) =
 
j
 
χ1(γ),ω1(ζ)
 
,..., j
 
χn(γ),ωn(ζ)
  
(3.3)
for all γ ∈SL(2,R)a n dζ ∈ ,w h e r ej :SL(2,R)× → C is as in (2.7).
Deﬁnition 3.1. Given ξ = (ξ1,...,ξn) ∈ Zn,amixed automorphic form of type ξ associated
to Γ, ω,a n dχ is a holomorphic map f : → C satisfying
f (γζ) = Jω,χ(γ,ζ)ξ f(ζ) = j
 
χ1(γ),ω1(ζ)
 ξ1 ···j
 
χn(γ),ωn(ζ)
 ξn f (ζ) (3.4)
for all ζ ∈  and γ ∈ Γ. Denote by ξ(Γ,ω,χ) the space of mixed automorphic forms of
type ξ associated to Γ, ω,a n dχ.6 Mixed Jacobi-like forms
Deﬁnition 3.2. Let  be the set of holomorphic functions on ,a n dl e t[[X]] be the
space of formal power series in X = (X1,...,Xn). Given ξ = (ξ1,...,ξn),η = (η1,...,ηn) ∈
Zn,af o r m a lp o w e rs e r i e sF(ζ,X) ∈ [[X]] is a mixed Jacobi-like form of weight ξ and
index η associated to Γ, ω,a n dχ if it satisﬁes
F
 
γζ,X   Jω,χ(γ,ζ)−2 
= Jω,χ(γ,ζ)ξexp
  n  
k=1
cχ,kηkXk
j
 
χk(γ),ωk(ζ)
 
 
F(ζ,X) (3.5)
for all ζ ∈  and γ ∈ Γ,w h e r e  Jω,χ(γ,ζ) denotes the diagonal matrix
diag
 
j
 
χ1(γ),ω1(ζ)
 
,..., j
 
χn(γ),ωn(ζ)
  
(3.6)
and cχ,k is the (2,1)-entry of the matrix χk(γ) ∈SL(2,R). Denote by ξ,η(Γ,ω,χ) the space
of mixed Jacobi-like forms of weight ξ and index η associated to Γ, ω,a n dχ.
Given μ ∈ Zn and a function h: → C,s e t
 
h|
ω,χ
μ γ
 
(ζ) = h(γζ)Jω,χ(γ,ζ)
−μ (3.7)
for all ζ ∈  and γ ∈ Γ.
Lemma 3.3. A formal power series F(ζ,X) =
 
α≥ε fα(ζ)Xα ∈ [[X]] with ε ∈ Zn
+ is an
element of ξ,η(Γ,ω,χ) if and only if
 
fα|
ω,χ
2α+ξγ
 
(ζ) =
α−ε  
δ=0
1
δ!
cδ
χηδ
Jω,χ(γ,ζ)δ fα−δ(ζ) (3.8)
for all γ ∈ Γ with cχ = (cχ,1,...,cχ,n), ζ ∈ n,a n dα ≥ ε,w h e r ecχ,j denotes the (2,1)-entry
of the matrix χj(γ) ∈ SL(2,R) for 1 ≤ j ≤ n. In particular, the initial coeﬃcient fε(ζ) of
F(ζ,X) is an element of 2ε+ξ(Γ,ω,χ) if F(ζ,X) ∈ξ,η(Γ,ω,χ).
Proof. Given γ ∈ Γ as described by (3.4)a n d( 3.5), the formal power series F(ζ,X) =  
α≥ε fα(ζ)Xα is an element of ξ,η(Γ,ω,χ)i fa n do n l yi f
 
α≥ε
fα(γζ)Jω,χ(γ,ζ)
−2α−ξXα =
n  
i=1
  ∞  
μi=0
1
μi!
c
μi
χ,iη
μi
i X
μi
i
j
 
χi(γ),ωi(z)
 μi
 
·
 
ν≥ε
fν(ζ)Xν
=
 
μ≥0
 
ν≥ε
1
μ!
cμημ
Jω,χ(γ,ζ)μ fν(ζ)Xμ+ν
(3.9)
for all ζ ∈ . Thus by comparing the coeﬃcients of Xα,w eo b t a i n
fα(γζ)Jω,χ(γ,ζ)−2α−ξ =
α−ε  
δ=0
1
δ!
cδηδ
Jω,χ(γ,ζ)δ fα−δ(ζ), (3.10)
and therefore the lemma follows. Min Ho Lee 7
For each ε ∈ Zn with ε ≥ 0,w es e t
ξ,η(Γ,ω,χ)ε = Xεξ,η(Γ,ω,χ). (3.11)
Then by Lemma 3.3, we see that there is a linear map
ω,χ :ξ,η(Γ,ω,χ)ε −→ 2ε+ξ(Γ,ω,χ) (3.12)
sending an element
 
α≥ε fα(ζ)Xα of ξ,η(Γ,ω,χ) to its initial coeﬃcient fε(ζ).
If R is the set of holomorphic functions on n as in Section 2, we deﬁne the maps
Δω :R −→ , Δω
X :R
 
[X]
 
−→ 
 
[X]
 
(3.13)
associated to the map ω : →n as in (3.2)b y
 
Δωh
 
(ζ) =h
 
ω(ζ)
 
,
 
Δω
XF
 
(ζ,X) =F
 
ω(ζ),X
 
(3.14)
for all ζ ∈ , h ∈ R,a n dF ∈ R[[X]]. Given a discrete subgroup Γ of SL(2,R), let   Γχ be a
discrete subgroup of SL(2,R)n such that
χ(Γ) = χ1(Γ)×···×χn(Γ) ⊂   Γχ, (3.15)
where χ =(χ1,...,χn)i sa si n( 3.2).
Theorem 3.4. (i) If Δω :R → and Δω
X :R[[X]] →[[X]] are as in (3.14), then
Δω 
ξ
 
  Γχ
  
⊂ξ(Γ,ω,χ), Δω
X
 
ξ,η
 
  Γχ
 
ε
 
⊂ ξ,η(Γ,ω,χ)ε (3.16)
for all ξ,η ∈ Zn.
(ii) If  and ω,χ are the linear maps in (2.25)a n d( 3.12), respectively, then the diagram
ξ,η
 
  Γχ
 
ε

Δω
X
2ε+ξ
 
  Γχ
 
Δω
ξ,η(Γ,ω,χ)ε
ω,χ
2ε+ξ(Γ,ω,χ)
(3.17)
is commutative.
Proof. If f :n → C is an element of ξ(  Γχ), then by (3.14)w eh a v e
 
Δω f
 
(γζ) = f
 
ω(γζ)
 
= f
 
χ1(γ)ω1(ζ),...,χn(γ)ωn(ζ)
 
=J
 
χ(γ),ω(ζ)
 ξ f
 
ω(ζ)
 
= J
 
χ(γ),ω(ζ)
 ξ 
Δω f
 
(ζ)
(3.18)8 Mixed Jacobi-like forms
for all ζ ∈  and γ ∈ Γ;h e n c eΔω f is an element of ξ(  Γχ,ω,χ). On the other hand, if F
is an element of ξ,η(  Γχ)b y( 3.5)a n d( 3.14), we see that
 
Δω
X(F)
  
γζ,X   Jω,χ(γ,ζ)
−2 
= F
 
χ1(γ)ω1(ζ),...,χn(γ)ωn(ζ),X   Jω,χ(γ,ζ)
−2 
= J
 
χ(γ),ω(ζ)
 ξexp
  n  
k=1
cχ,kηkXk
j
 
χk(γ),ωk(ζ)
 
 
F
 
ω(ζ),X
 
(3.19)
for all ζ ∈  and γ ∈ Γ.T h u sΔω
XF is an element of ξ,η(Γ,ω,χ), and Δω
XF ∈ ξ,η(Γ,ω,χ)ε
if F ∈ ξ,η(  Γχ)ε, which proves (i). In order to verify (ii), consider an element Φ(ζ,X) =
 
α≥εφα(ζ)Xα ∈ξ,η(  Γχ)ε.T h e nw eh a v e
  
Δω ◦
 
(Φ)
 
(ζ) =
 
Δωφε
 
(ζ) =φε
 
ω1(ζ),...,ωn(ζ)
 
(3.20)
for ζ ∈. On the other hand, we have
 
Δω
XΦ
 
(ζ,X) =Φ
 
ω(ζ),X
 
=Φ
 
ω1(ζ),...,ωn(ζ),X
 
=
 
α≥ε
φα
 
ω1(ζ),...,ωn(ζ)
 
Xα.
(3.21)
Thus we see that
  
ω,χ ◦Δω
X
 
(Φ)
 
(ζ) = φε
 
ω1(ζ),...,ωn(ζ)
 
=
  
Δω ◦
 
(Φ)
 
(ζ), (3.22)
which implies (ii); hence the proof of the theorem is complete. 
4. Examples
In this section, we discuss two examples related to mixed Jacobi-like forms. The ﬁrst
one involves a ﬁber bundle over a Riemann surface whose generic ﬁber is the product
of elliptic curves, and the second one is linked to solutions of linear ordinary diﬀerential
equations.
Example 4.1. Let E be an elliptic surface (cf. [5]). Thus E is a compact surface over C that
is the total space of an elliptic ﬁbration π : E → X over a Riemann surface X.L e tE0 be
the union of the regular ﬁbers of π,a n dl e tΓ ⊂ PSL(2,R) be the fundamental group of
X0 = π(E0). Then the universal covering space of X0 may be identiﬁed with the Poincar´ e
upperhalf-plane,andw eha v eX0 = Γ\,wher eΓisregardedasasubgroupofSL(2,R)
and the quotient is taken with respect to the action given by linear fractional transfor-
mations. Given z ∈ 0,l e tΦ be a holomorphic 1-form on Ez = π−1(z), and choose an
ordered basis {α1(z),α2(z)} for H1(Ez,Z) which depends on the parameter z in a contin-
uous manner. If we set
ω1(z) =
 
α1(z)
Φ, ω2(z) =
 
α2(z)
Φ, (4.1)Min Ho Lee 9
then ω1/ω2 is a many-valued function from X0 to  which can be lifted to a single-valued
function ω :  →  on the universal cover  of X0.T h e ni tc a nb es h o w nt h a tt h e r ei s
a group homomorphism χ : Γ → SL(2,R), called the monodromy representation for the
elliptic surface E,s u c ht h a t
ω(γz) =χ(γ)ω(z) (4.2)
for all γ ∈Γ and z ∈ .T h u st h em a p sχ and ω form an equivariant pair.
Let (χj,ωj) be an equivariant pair associated to an elliptic surface E of the type de-
scribed above for each j ∈{1,...,p},a n ds e t
  χ =
 
1,χ1,...,χp
 
,   ω =
 
1,ω1,...,ωp
 
. (4.3)
Then, given a positive integer p and an element m = (m1,...,mp) ∈ Zq with m1,...,mp >
0, the semidirect product Γ  χ (Z2)|m|p with |m|=m1 +···+mp associated to   χ acts on
×C|m|p by
 
γ, 1,..., p
 
·
 
z,ζ1,...,ζp
 
=
 
γz,  ζ1,...,  ζp
 
(4.4)
for all γ ∈Γ and z ∈ ,w h e r e
 j =
  
μ1,j,ν1,j
 
,...,
 
μmj,j,νmj,j
  
∈
 
Z2 mj,
ζ j =
 
ζ1,j,...,ζmj,j
 
,  ζ j =
   ζ1,j,...,   ζmj,j
 
∈ Cmj (4.5)
for 1 ≤ j ≤ p with
  ζr,j =
ζr,j +ωj(z)μr,j +νr,j
cχjωj(z)+dχj
(4.6)
for each r ∈{1,...,mj} if
χj(γ) =
 
aχj bχj
cχj dχj
 
∈SL(2,R). (4.7)
We denote by E
|m|p
0 the associated quotient space, that is,
E
|m|p
0 = Γ×
 
Z2 |m|p
\×C
|m|p. (4.8)
Given ε ∈ Zp+1,w es e tξ = (2,m1,...,mp)−2ε,a n dl e tF(z,X) ∈ ξ,η(Γ,ω,χ)ε.T h e nb y
Lemma 3.3,w es e et h a tω,χ(F(z,X)) is an element of (2,m1,...,mp)(Γ,ω,χ), and it can be
shown that the associated holomorphic form
ωF(z) = ω,χ
 
F(z,X)
 
dz∧dζ1 ∧···∧dζp (4.9)
on  × C|m|p with z = (z,ζ1,...,ζp) ∈  × C|m|p is invariant under the action of Γ ×
(Z2)p.H e n c eωF(z) can be regarded as a holomorphic (|m|p +1)-formonE
|m|p
0 ,a n d10 Mixed Jacobi-like forms
therefore we obtain a canonical map
ξ,η(Γ,ω,χ)ε −→ Ωp+1 
E
|m|p
0
 
(4.10)
from ξ,η(Γ,ω,χ)ε to the space Ωp+1
 
E
|m|p
0
 
of holomorphic (|m|p+1)-formsonE
|m|p
0 .
Example 4.2. Let Γ be a Fuchsian group of the ﬁrst kind, and let K(X) be the function
ﬁeldofthesmoothcomplexalgebraiccurveX = Γ\∪{cusps}.Considerasecond-order
linear diﬀerential equation
 
d2
dx2 +   P(x)
d
dx
+   Q(x)
 
  f = 0 (4.11)
for x ∈ X and   P(x),   Q(x) ∈ K(X) with regular singular points, whose singular points are
contained in Γ\{cusps}⊂X.L e t
Λf =
 
d2
dz2 +P(z)
d
dz
+Q(z)
 
f = 0, (4.12)
for z ∈ ,b et h ed i ﬀerential equation obtained by pulling back (4.11) via the natural
projection  → Γ\ ⊂ X.L e tσ1 and σ2 be linearly independent solutions of (4.12), and
let Sm(Λ) be the linear ordinary diﬀerential operator of order m+1 such that the m+1
functions
σm
1 ,σm−1
1 σ2,...,σ1σm−1
2 ,σm
2 (4.13)
are linearly independent solutions of the corresponding linear homogeneous equation
Sm(Λ)f = 0. Let χ : Γ → SL(2,R) be the monodromy representation of Γ for the second-
order equation Λf = 0. Then the period map ω :  →  deﬁned by ω(z) = σ1(z)/σ2(z)
for all z ∈  is equivariant with respect to χ.L e tψ :  → C be a function correspond-
i n gt oa ne l e m e n to fK(X) satisfying the parabolic residue condition in the sense of [11,
Deﬁnition 3.20], and let f ψ be a solution of the nonhomogeneous equation Sm(Λ)f =ψ.
Then the function
dm+1
dω(z)m+1
  f ψ(z)
σ2(z)m
 
(4.14)
is a mixed automorphic form of type (0,m+2) associated to Γ, ω,a n dχ (cf. [11,p a g e
32]).
Given a positive integer p and m = (m1,...,mp) ∈ Zp with m1,...,mp >0, we consider
as y s t e mo fo r d i n a r yd i ﬀerential equations
Smj 
Λj
 
fj
 
zj
 
= ψj
 
zj
 
,1 ≤ j ≤ p, (4.15)
of the type described above and for each j ∈{ 1,...,p}, choose a solution f
ψj
j (zj)f o rt h e
jth equation. For 1 ≤ j ≤ p,l e tχj : Γj → SL(2,R)a n dωj :  →  be the monodromy
representation and the period map, respectively, associated to the operator Smj(Λj), andMin Ho Lee 11
set
  χ =
 
χ1,...,χp
 
,   ω =
 
ω1,...,ωp
 
, Γ = Γ1 ∩···∩Γp. (4.16)
Then we see that the function   f : → C deﬁned by
  f (z) = f1(z)···fp(z) (4.17)
for all z ∈ is a mixed automorphic form belonging to m(Γ,   ω,  χ).
5. Liftings of mixed automorphicforms
Let ω = (ω1,...,ωn)a n dχ = (χ1,...,χn)b ea si nSection 3.T h u sωi :  →  is a holo-
morphic map equivariant with respect to the homomorphism χi : Γ → SL(2,R)f o re a c h
i ∈{ 1,...,n},w h e r eΓ is a discrete subgroup of SL(2,R). In this section, we construct
liftings of mixed automorphic forms associated to Γ, ω,a n dχ of certain types to mixed
Jacobi-like forms associated to Γ, ω,a n dχ.
We ﬁrst consider discrete subgroups Γ1,...,Γn of SL(2,R) satisfying
χi(Γ) ⊂Γi (5.1)
for all i ∈{ 1,...,n}.G i v e nξ = (ξ1,...,ξn) ∈ Zn and μ = (μ1,...,μn) ∈ Zn
+,l e tM2μi+ξi(Γi)
denote the space of automorphic forms of one variable for Γi of weight 2μi +ξi.I fΔωi is
the map in (3.14) associated to ωi : → i nt h ec a s eo fn = 1, then we see that
Δωi 
M2μi+ξi(Γi)
 
=
 
h◦ωi | h ∈M2μi+ξi
 
Γi
  
(5.2)
for 1 ≤i ≤n. We denote the tensor product of these spaces by
0
2μ+ξ(Γ,ω,χ) =
n  
i=1
Δωi 
M2μi+ξi
 
Γi
  
, (5.3)
and consider an element of the form
h =
p  
k=1
Ck
n  
i=1
 
hi,k ◦ωi
 
∈0
2μ+ξ(Γ,ω,χ) (5.4)
with Ck ∈ C and hi,k ∈M2μi+ξi(Γi)f o r1≤i ≤ n and 1 ≤k ≤ p.T h e nw eh a v e
h(γz) =
p  
k=1
Ck
n  
i=1
 
hi,k
 
ωi(γz)
  
=
p  
k=1
Ck
n  
i=1
 
hi,k
 
χi(γ)ωi(z)
  
=
p  
k=1
Ck
n  
i=1
 
j
 
χi(γ),ωi(z)
 2μi+ξihi,k
 
χi(γ)ωi(z)
  
=
  n  
i=1
j
 
χi(γ),ωi(z)
 2μi+ξi
 
h(z)
(5.5)12 Mixed Jacobi-like forms
forallz ∈ andγ ∈Γ;henc ehisamixedautomorphicformbelongingto2μ+ξ(Γ,ω,χ).
Thus we see that 0
2μ+ξ(Γ,ω,χ)i sas u b s p a c eo f2μ+ξ(Γ,ω,χ).
Wenowdiscussaliftingofanelementof0
2μ+ξ(Γ,ω,χ)toaJacobi-likeformbelonging
to ξ,η(Γ,ω,χ)ε with ε = (ε1,...,εn) ∈ Zn
+ and η = (η1,...,ηn) ∈ Zn.G i v e ni ∈{ 1,...,n}
and k ∈{1,...,p}, assuming that μ ≥ε,w es e t
  hi,k,  =
η
 −μi
i h
( −μi)
i,k  
  −μi
 
!
 
 +ξi+μi −εi
 
!
(5.6)
for   ≥μi and
  hω
k,α(z) =
   h1,k,α1
 
ω1(z)
 
,...,  hn,k,αn
 
ωn(z)
  
(5.7)
for all z ∈  and α = (α1,...,αn) ≥ μ. We deﬁne the formal power series Φh(z,X) ∈
R[[X]] associated to h by
Φh(z,X) =
p  
k=1
Ck
 
α≥μ
   hω
k,α(z)
 1Xα, (5.8)
where 1 =(1,...,1)∈ Zn so that
   hω
k,α(z)
 1
=   h1,k,α1
 
ω1(z)
 
···  hn,k,αn
 
ωn(z)
 
(5.9)
for α = (α1,...,αn).
Theorem 5.1. The map h  → Φh determines a lifting of an element of 0
2μ+ξ(Γ,ω,χ) to a
Jacobi-like form belonging to ξ,η(Γ,ω,χ)μ ⊂ξ,η(Γ,ω,χ)ε such that
ω,χ
 
Φh
 
=
h
(2μ+ξ −ε)!
(5.10)
for all h ∈ 0
2μ+ξ(Γ,ω,χ),w h e r eω,χ is the map sending Φh(z,X) to the coeﬃcient of Xμ as
in (3.12).
Proof. For 1 ≤ i ≤ n,a p p l y i n gProposition 2.5 to the case of n = 1, we see that the formal
power series
Φi
 
z,Xi
 
=
 
 ≥εi
φ (z)X 
i (5.11)
in Xi is a Jacobi-like form of one variable belonging to ξi,ηi(Γi)εi if and only if there is a
sequence of modular forms {fr}r≥0 with fr ∈M2r+ξi(Γi) satisfying
φ  =
 −εi  
j=0
η
j
i f
(j)
 −j
j!
 
2 +ξi − j −εi
 
!
(5.12)Min Ho Lee 13
for all   ≥ εi. We now consider an element h ∈ 0
ε(Γ,ω,χ)g i v e nb y( 5.4). Given i and k,
let {fr}r≥0 be the sequence of functions on  deﬁned by
fr =
⎧
⎨
⎩
hi,k if r = μi,
0 otherwise.
(5.13)
Then clearly fr ∈ M2r+ξi(Γi)f o re a c hr ≥ εi.I fΦi,k(z,Xi) =
 
 ≥εiφi,k, (z)X 
i is the corre-
sponding Jacobi-like form belonging to ξi,ηi(Γi), then by (5.12)t h ec o e ﬃcient function
φi,k,  coincides with   hi,k,  in (5.6). Thus for each k, we see that the product
Φω
k(z,X) = Φ1,k
 
ω1(z),X1
 
···Φn,k
 
ωn(z),Xn
 
=
 
α1≥μ1
···
 
αn≥μn
  h1,k,α1
 
ω1(z)
 
···  hn,k,αn
 
ωn(z)
 
X
α1
1 ···Xαn
n
=
 
α≥μ
   hω
k,α(z)
 1Xα
(5.14)
isaJacobi-likeformbelongingtoξ,η(Γ,ω,χ)μ ⊂ξ,η(Γ,ω,χ)ε.Fromthisandthefactthat
the formal power series in (5.8)c a nb ew r i t t e ni nt h ef o r m
Φh(z,X) =
p  
k=1
CkΦω
k(z,X), (5.15)
we see that Φh(z,X) is a Jacobi-like form belonging to ξ,η(Γ,ω,χ)μ. On the other hand,
from (5.6)w eh a v e
  hi,k,μi =
hi,k  
2μi+ξi −εi
 
!
(5.16)
for 1 ≤i ≤n and 1 ≤k ≤ p, which implies that
ω,χ
 
Φω
k(z,X)
 
=
h1,k
 
ω1(z)
 
···hn,k
 
ωn(z)
 
 
2μ1+ξ1 −ε1
 
!···
 
2μn+ξn −εn
 
!
=
h1,k
 
ω1(z)
 
···hn,k
 
ωn(z)
 
(2μ+ξ −ε)!
.
(5.17)
Combining this with (5.15), we obtain
ω,χ
 
Φh(z,X)
 
=
p  
k=1
Ck
 h1,k
 
ω1(z)
 
···hn,k
 
ωn(z)
 
(2μ+ξ −ε)!
 
=
h(z)
(2μ+ξ −ε)!
, (5.18)
where we identiﬁed the tensor product with the usual product in C; hence the proof of
the theorem is complete. 14 Mixed Jacobi-like forms
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